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Abstract. In this paper we study a special kind of optimization problems with linear comple-

mentarity constraints. First, by a generalized complementarity function and perturbed tech-
nique, the discussed problem is transformed into a family of general nonlinear optimization
problems containing parameters. And then, using a special penalty function as a merit function,

we establish a sequential systems of linear equations (SSLE) algorithm. Three systems of
equations solved at each iteration have the same coefficients. Under some suitable conditions,
the algorithm is proved to possess not only global convergence, but also strong and superlinear
convergence. At the end of the paper, some preliminary numerical experiments are reported.
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1. Introduction

Optimization problems with complementarity constraints have wide appli-
cations in economy, engineering design, game theory and so on, so many
scholars are interested in studying on this kind of problems and make great
achievements (see [2, 4, 12, 13, 15]).
In this paper, we discuss a special kind of optimization problem in which

the constraints are defined by a linear complementarity problem (LCP)
described as follows:

ðLCPÞ

min fðx; yÞ
s:t: AxOb;

w ¼ NxþMyþ q;

0Ow ? yP0;

ð1:1Þ

where f : <nþm ! < is continuously differentiable function, A 2 <p�n,
N 2 <m�n, M 2 <m�m, b 2 <p, q 2 <m.
Obviously, if one writes the complementarity condition w?y as an inner

product wTy ¼ 0, then (LCP)(1.1) is equivalent to a standard smoothing
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nonlinear programming (SSNP). So, theoretically speaking, (LCP)(1.1) should
be studied and solved with existing theory and methods for SSNP. Unfortu-
nately, J.V. Outrata, M. Kocvara et al. pointed out in [16] that the weaker
Mangasarian–Fromotitz constraint qualification did not hold at any feasible
points of the equivalent SSNP. Therefore, it will be rather difficult to obtain
the solution of (LCP)(1.1) by means of solving the equivalent SSNP directly.
As we know, the sequential quadratic programming (SQP) type algo-

rithms and sequential system of linear equations (SSLE) type algorithms
are effective methods for optimization problems with nonlinear constraints,
many scholars have made a lot of research on them and made great
achievements [3, 5–8, 17]. Recently, Fukushima, Luo and Pang proposed
in [4] an SQP algorithm to (LCP)(1.1). The main idea of their algorithm is
as follows: first, by Fischer–Burmeister complementarity function,
(LCP)(1.1) is equivalently transformed into a general optimization problem
(GP). And then solve the GP by means of SQP method. The initial point
is demanded to satisfy the constraints AxO b;w ¼ NxþMyþ q, and at
each iteration, a quadratic programming subproblem need to be solved. So
the computational amount is slight large. In addition, their algorithm pos-
sesses only global convergence.
In this paper, first by perturbed technique and a generalized complemen-

tarity function, we equivalently transform (LCP)(1.1) into a family of gerer-
al optimization problems containing parameters. Then, motivated by the
ideas from [6], we propose an SSLE algorithm to (LCP)(1.1). The proposed
algorithm possesses a few important properties as follows: the initial point
is only demanded to satisfy the constraint w ¼ NxþMyþ q; the algorithm
uses a special penalty function as a merit function; the three systems of
equations solved at each iteration have the same coefficients, so the compu-
tational amount is less than that of SQP algorithms. Under suitable condi-
tions, the algorithm is proved to possess not only global convergence, but
also strong and superlinear convergence.
The paper contains 7 sections. In Section 2, some known results are

restated and the idea or formation of the algorithm is analysed. In Section
3, the algorithm is given and its feasibility is discussed. We prove respec-
tively the global, strong convergence and superlinear convergence in Sec-
tions 4 and 5. Finally, some numerical experiments are presented in
Section 6 and we conclude with some final remarks in Section 7.

2. Preliminaries

For convenience, we use the following notation throughout this paper:

X0 ¼ f z ¼ ðx; y;wÞ : w ¼ NxþMyþ q g ;
X ¼ fz 2 X0 : AxOb; 0Oy ? wP0g;
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AT ¼ ðaT1 ; . . . ; aTp Þ; bT ¼ ðb1; . . . ; bpÞ; z ¼ ðx; y;wÞ; s ¼ ðx; yÞ;
t ¼ ðy;wÞ; ti ¼ ðyi;wiÞ
dz ¼ ðdx; dy; dwÞ; ds ¼ ðdx; dyÞ; dt ¼ ðdy; dwÞ; dti ¼ ðdyi; dwiÞ;

L1 ¼ f1; . . . ; pg; L2 ¼ f1; . . . ;mg; uðxÞ ¼ maxf0; ajx� bj; j 2 L1g:
ð2:1Þ

And denote directly ðx; y;wÞ ¼ ðxT; yT;wTÞT.
Throughout this paper, we suppose that the following assumption holds:

(A1) (i) M is a P0 matrix, that is, all principal minors of M are nonnega-
tive;

(ii) For any z 2 X0, the vectors faj : j 2 IðxÞg are linearly indepen-
dent, where IðxÞ ¼ fj 2 L1 : uðxÞ ¼ ajx� bjg.

Now we restate the definition of a stationary point of (LCP)(1.1) and a
known result as follows.

DEFINITION 2.1. A feasible point z� ¼ ðx�; y�;w�Þ 2 X is said to be a sta-
tionary point of (LCP)(1.1) if

dz ¼ ðds; dwÞ ¼ ðdx; dy; dwÞ 2 Tðz�;XÞ ¼) 5fðx�; y�ÞTdsP0;

where Tðz�;XÞ means the tangent cone of X at point z�.

PROPOSITION 2.2 [15]. Suppose that z� 2 X satisfies the so-called nondegen-
eracy condition:

ðy�i ;w�i Þ 6¼ ð0; 0Þ; i ¼ 1; . . . ;m: ð2:2Þ

Then z� is a stationary point of ð1:1Þ if and only if there exist multipliers
ðk�; u�; v�Þ 2 <p �<m �<m such that

5fðx�; y�Þ
0

� �
þ

0

W�

Y�

0
B@

1
CAv� þ

NT

MT

�I

0
B@

1
CAu� þ

AT

0

0

0
B@

1
CAk� ¼ 0;

k�P0; ðAx� � bÞTk� ¼ 0: ð2:3Þ

Moreover, formula (2.3) is equivalent to the following conditions:

5fðx�; y�Þ þ NTY�

MTY� þW�

� �
v� þ AT

0

� �
k� ¼ 0;

k�P0; ðAx� � bÞTk� ¼ 0; ð2:4Þ
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where diagonal matrices W� ¼ diagðw�i ; i ¼ 1; . . . ;mÞ, Y� ¼ diagðy�i ; i ¼
1; . . . ;mÞ.
For a given parameter lP0, we consider a perturbed problem associated

with (LCP)(1.1) as follows:

min fðx; yÞ
s:t: AxOb;

w ¼ NxþMyþ q;

yiP0; wiP0; yiwi ¼
l
2
; i ¼ 1; . . . ;m:

ð2:5Þ

A typical scheme for solving problem (2.5) may be described as follows: by
a generalized complementarity function /, the perturbed complementarity
conditions ‘‘yiP0;wP0; yiwi ¼ l

2’’ are transformed into nonlinear equalities
/ðyi;wi; lÞ ¼ 0, i ¼ 1; . . . ;m, where the function / :<2 � ½0;þ1� �! < sat-
isfies the following basic conditions:
(i) / is continuously differentiable in fða; b; lÞ:ða; b; lÞ 6¼ ð0; 0; 0Þg;
(ii) /ða; b; lÞ ¼ 0() aP0; bP0; ab ¼ l;
(iii) For any ða; b;lÞ 2 <2 � ð0;þ1Þ, it follows

/0aða; b; lÞ/0bða; b;lÞ > 0; where /0aða; b;lÞ¼
4 o/ða; b;lÞ

oa
;

/0bða; b; lÞ¼
4 o/ða; b; lÞ

ob
:

There are many constructions for / satisfying the conditions above (see [1,
11, 10]), here we give some examples:

/ða; b; lÞ ¼ aþ b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� bÞ2 þ 4l

q
; ð2:6Þ

/ða; b; lÞ ¼ aþ b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ 2l

p
; ð2:7Þ

/ða; b; lÞ ¼ aþ b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ kabþ ð2� kÞl

q
; k 2 ð�2; 2Þ: ð2:8Þ

Without loss of generality, we choose the function / defined by (2.8) as
our complementarity function in this paper.
In order to analyze the derivative of /, it is not difficult to verify that

a2 þ b2 þ kabþ ð2� kÞl > 0 for all ða; b;lÞ 6¼ ð0; 0; 0Þ and k 2 ð�2; 2Þ, so
we obtain

5/ða; b; lÞ ¼
o/ða;b;lÞ

oa
o/ða;b;lÞ

ob

 !
¼

1� 2aþkb
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2þkabþð2�kÞl
p

1� 2bþka
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2þkabþð2�kÞl
p

0
@

1
A: ð2:9Þ
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Now we define a vector value function U:<2m � ½0;þ1Þ �! <m as follows:

Uðt; lÞ ¼ Uðy;w;lÞ ¼
/ðy1;w1;lÞ

..

.

/ðym;wm; lÞ

0
B@

1
CA: ð2:10Þ

Let zk ¼ ðxk; yk;wkÞ 2 <n �<m � <m and ðyki ;wk
i ; lÞ 6¼ ð0; 0; 0Þ, then we

have

rtUðtk;lkÞ ¼ rUðtk;lkÞ ¼ ðCk
y Ck

wÞ
T; ð2:11Þ

where

Ck
y ¼ Cðyk;wk;lkÞ ¼ diagðcðyki ;wk

i ;lkÞ; i ¼ 1; . . . ;mÞ;
Ck
w ¼ Cðwk; yk;lkÞ ¼ diagðcðwk

i ; y
k
i ;lkÞ; i ¼ 1; . . . ;mÞ;

ð2:12Þ

cða; b; lÞ ¼ 1� 2aþ kb

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ kabþ ð2� kÞl

p ; k 2 ð�2; 2Þ: ð2:13Þ

Therefore, problem (2.5) is transformed equivalently into the following
standard nonlinear optimization problem:

ðNLPlÞ

min fðx; yÞ
s:t: AxOb;

w ¼ NxþMyþ q;

Uðy;w; lÞ ¼ 0:

ð2:14Þ

The following result indicates a relation between (LCP)(1.1) and
ðNLPlÞð2:14Þ.

PROPOSITION 2.3. Suppose that the nondegeneracy condition ð2:2Þ holds,
then z� ¼ ðx�; y�;w�Þ, corresponding multipliers x� ¼ ðk�; u�; v�Þ, is a station-
ary point of ðLCPÞð1:1Þ if and only if ðz�; exÞ is a KKT pair of ðNLPlÞð2:14Þ
for l ¼ 0 with multipliers ex� ¼ ðk�; u�;ev�Þ, where

ev�i ¼ w�i v
�
i =cðy�i ;w�i ; 0Þ ¼ 2

2�kw
�
i v
�
i ; if i 2 Iyðz�Þ ¼deffi 2 L2 : y�i ¼ 0g;

y�i v
�
i =cðw�i ; y�i ; 0Þ ¼ 2

2�k y
�
i v
�
i ; if i 2 Iwðz�Þ ¼deffi 2 L2 : w�i ¼ 0g:

(

ð2:15Þ

Proof. Let z� ¼ ðx�; y�;w�Þ be a stationary point of (LCP)(1.1), by Propo-
sition 2.2, we know that (2.3) holds, so
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5fðx�; y�Þ
0

 !
þ

0

C�y
C�w

0
B@

1
CAev� þ

NT

MT

�I

0
B@

1
CAu� þ

AT

0

0

0
B@

1
CAk� ¼ 0;

k�P0; ðAx� � bÞTk� ¼ 0: ð2:16Þ

where C�y ¼ diagðcðy�i ;w�i ; 0Þ; i ¼ 1; . . . ;mÞ; C�w ¼ diagðcðw�i ; y�i ; 0Þ; i ¼
1; . . . ;mÞ; ev� is defined by (2.15). In view of (2.11), (2.16) is reduced into
the following system:

5fðx�; y�Þ
0

 !
þ

0

Uyðy�;w�; 0Þ
Uwðy�;w�; 0Þ

0
BB@

1
CCAev� þ

NT

MT

�I

0
BB@

1
CCAu� þ

AT

0

0

0
BB@

1
CCAk� ¼ 0;

k�P0; ðAx� � bÞTk� ¼ 0;

which shows that ðz�; ex� ¼ ðk�; u�;ev�ÞÞ is a KKT pair of ðNLP0Þ(2.14).
Conversely, the proof above holds, so the proof is completed. (

For an approximate solution zk ¼ ðxk; yk;wkÞ of ðNLPlk
Þ(2.14), in order

to produce an improving direction, we consider the following system of lin-
ear equations

Bk UT
k

Uk 0

� �
dzex

� �
¼ �

5fðskÞ
0m�1

AJkx
k � bJk

Nxk þMyk þ q� wk

Uðtk;lkÞ

0
BBBB@

1
CCCCA; ð2:17Þ

where Bk 2 <ðnþ2mÞ�ðnþ2mÞ; ex ¼ ðk; u; vÞ 2 <p � <m � <m, the index set Jk is
a subset of L1 which is produced by some method and satisfies some condi-
tions, and

AJk ¼ ðaj; j 2 JkÞ; bJk ¼ ðbj; j 2 JkÞ;Uk ¼def Uðzk;lkÞ ¼
AJk 0 0
N M �I
0 Ck

y Ck
w

0
@

1
A:

Generally speaking, in order to make the SSLE algorithm possess fast
convergence, the matrix Bk must be an approximation of the Hesse matrix
of Lagrange function of ðNLPlk

Þ(2.14), so we consider the Lagrange func-
tion of ðNLPlk

Þ(2.14):

Lðz; ex;lÞ ¼ fðx; yÞ þ kTðAx� bÞ þ uTðNxþMyþ q� wÞ þ vTUðy;w; lÞ:
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It is obvious that

Hðz; v;lÞ ¼defr2
zzLðz; ex; lÞ

¼

r2
xx fðsÞ r2

xy fðsÞ 0n�m

r2
yx fðsÞ r2

yy fðsÞ þ diag vi
o2/ðti;lÞ

oa2

� �
diag vi

o2/ðti;lÞ
oaob

� �

0m�n diag vi
o2/ðti;lÞ

oboa

� �
diag vi

o2/ðti;lÞ
ob2

� �

0
BBB@

1
CCCA
;

ð2:18Þ

moreover, for the stationary point pair ðz�; ex�Þ of LCP(1.1) satisfying (2.3)
and the corresponding ev� defined by (2.15), by further computations, we
obtain

Hðz�;v�;0Þ ¼

r2
xx fðs�Þ r2

xy fðs�Þ 0n�m

r2
yx fðs�Þ r2

yy fðs�Þþ diag v�i
o2/ðt�i ;0Þ

oa2

� �
0m�m

0m�n 0m�m diag v�i
o2/ðt�i ;0Þ

ob2

� �

0
BB@

1
CCA;

ð2:19Þ

Hðz�;ev�;0Þ ¼
r2

xx fðs�Þ r2
xy fðs�Þ 0n�m

r2
yx fðs�Þ r2

yy fðs�Þþdiag ev�i o2/ðt�i ;0Þ
oa2

� �
0m�m

0m�n 0m�m diag ev�i o2/ðt�i ;0Þ
ob2

� �

0
BB@

1
CCA;

ð2:20Þ

where

s� ¼ ðx�; y�Þ; t�i ¼ ðy�i ;w�i Þ:

Based on the above relation (2.19) or (2.20), it is reasonable to choose Bk

as the following form in this paper:

Bk ¼
Ck 0
0 Dk

� �
; Ck 2 <ðnþmÞ�ðnþmÞ; Dk 2 <m�m: ð2:21Þ

Therefore, if zk ¼ ðxk; yk;wkÞ satisfies wk ¼ Nxk þMyk þ q, then (2.17) is
transformed equivalently into the following system of linear equations with
smaller scale:

ðSLE1Þðzk; lkÞ
Hk GT

k

Gk 0

� �
ds
p

� �
¼ � 5fðskÞ

hðzk; lkÞ

� �
; ð2:22Þ
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where

Hk ¼ Ck þ ðNMÞTDkðNMÞ; ð2:23Þ

Gk ¼
AJk 0
Ck
wN Ck

y þ Ck
wM

� �
; hðzk; lkÞ ¼

AJkx
k � bJk

Uðtk;lkÞ

� �
: ð2:24Þ

It is not difficult to prove that the following lemma holds.

LEMMA 2.4. 0 < cða; b;lÞ, cðb; a; lÞ < 2 for any l > 0.

LEMMA 2.5. Suppose that assumption A1ðiÞ holds, lk > 0, the index set Jk
ensures that AJk is full of row rank and Hk is positive definite. Then for any
zk 2 X0, i.e. w

k ¼ Nxk þMyk þ q,
(i) The coefficient matrix of (SLE1)(2.22) is nonsingular, furthermore,

(SLE1)(2.22) has a unique solution.
(ii) The matrix GkH

�1
k GT

k is symmetric positive definite.

Proof. (i) It follows from Lemma 2.4 that the diagonal matrices Ck
y, Ck

w

are symmetric positive definite. On the other hand, in view of the fact that
M is a P0 matrix, it is not difficult to deduce from Lemma 4.1 in [14] that
Ck
y þ Ck

wM is nonsingular. Therefore, since AJk is full of row rank, we know
that Gk is also full of row rank; And since Hk is positive definite, so the

coefficient matrix of (SLE1)(2.22)
Hk GT

k

Gk 0

� �
is nonsingular, furthermore,

(SLE1)(2.22) has a unique solution.

(ii) 8x 6¼ 0, xTGkH
�1
k GT

kx ¼ ðGT
kxÞ

TH�1k ðGT
kxÞ, considering that Gk is full

of row rank, and Hk is definite, we see ðGT
kxÞ

TH�1k ðGT
kxÞ > 0, so GkH

�1
k GT

k

is positive definite. (

As we know, generally, the solution dsk of (SLE1)(2.22) cannot avoid the
Maratos effect and get superlinear convergence, so it needs a modification.
The modificative method in this paper is to solve two systems of equations
which have the same coefficient as (SLE1)(2.22)(The details are given in the
following algorithm).

3. Algorithm

In this paper, we use a special penalty function as follows as the merit
function:

hðz; a; lÞ ¼ fðx; yÞ þ auðxÞ þ a
Xm
i¼1
j/ðyi;wi;lÞj

¼ fðsÞ þ auðxÞ þ akUðt; lÞk1; ð3:1Þ
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where a > 0 is a penalty parameter. This penalty function doesn’t penalize
the linear equality constraints, and use the penalty term uðxÞ defined by

(2.1) for the inequality AxOb instead of
Pp

j¼1maxf0; ajx� bjg.

ALGORITHM A

Step 0 (Initialization). Choose a parameter be > 0 sufficiently small, parame-
ters k 2 ð�2; 2Þ, a�1; d > 0, e�1 > 0; 0 < b; r < 1, choose a sequence
flkg1k¼0 such that

lk > 0;lkþ1 < lk; lim
k!1

lk ¼ 0; lim
k!þ1

lkþ1
lc
k

¼ �g 2 ð0; 1Þ; c 2 ð1; 2Þ: ð3:2Þ

Choose an initial point z0 ¼ ðx0; y0;w0Þ 2 Xo, a symmetric matrix B0 with
the form of (2.21) such that H0 given by (2.23) is positive definite, let
k :¼ 0.
Step 1 (Pivoting). Compute an index set Jkðxk; ekÞ:
(i) Let i ¼ 0; ek;i ¼ ek�1;
(ii) Compute �Jk;i ¼ fj 2 L1 : 0OuðxkÞ � ðajxk � bjÞOek;ig.

If detðA �JA
T
�J
ÞPek;i, where A �J ¼ ðaj; j 2 �Jk;iÞ, then let Jkðxk; ekÞ ¼ �Jk;i,

ek ¼ ek;i, go to Step 2. Otherwise, let i :¼ iþ 1, ek;i ¼ 1
2 ek;i�1, go back

to (ii).
Step 2 Compute Uðyk;wk;lkÞ. If Uðyk;wk; lkÞ 6¼ 0, or Uðyk;wk; lkÞ ¼ 0 and
lk < be, then go to Step 3. Otherwise choose l0k 2 ðlkþ1;lkÞ and let lk ¼ l0k,
compute Uðyk;wk; lkÞ again (From Lemma 3.1 below, we know Uðyk;wk;
lkÞ 6¼ 0 at this time).
Step 3 (Generate a search direction)
(i) Denote Jk ¼ Jkðxk; ekÞ, solve the system of linear equations
ðSLE1Þðzk; lkÞ(i.e. (2.22)).
Let its solution be dsk0, pk

0 ¼
def kk0;Jk

vk0

� �
, where kk0;Jk ¼ ðk

k
0;j; j 2 JkÞ,

vk0 ¼ ðvk0;i, i 2 L2Þ.
Let

dwk
0 ¼ Ndxk0 þMdyk0; dz

k
0 ¼ ðdsk0; dwk

0Þ: ð3:3Þ

If dsk0 ¼ 0, kk0;jP0, 8j 2 Jk, then zk is a KKT point of ðNLPlk
Þð2:14Þ,

in view of lk < be, we can conclude that zk is an acceptable approxi-
mate stationary point of (LCP)(1.1), stop. Otherwise go to (ii).

(ii) Solve the following system of linear equations:

ðSLE2Þðzk;lkÞ
Hk GT

k

Gk 0

� �
ds
p

� �
¼ � 5fðskÞ

hðzk;lkÞ � gk

� �
; ð3:4Þ
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where

gkj ¼
ðkk0;jÞ

3; if kk0;jO0 and j 2 Jk;
0; otherwise,

�
ð3:5Þ

let its solution be dsk, pk ¼def kkJk
vk

� �
. Let

dwk ¼ Ndxk þMdyk; dzk ¼ ðdsk; dwkÞ: ð3:6Þ

(iii) Solve the following system of linear equations:

ðSLE3Þðzk;lkÞ
Hk GT

k

Gk 0

� �
ds
p

� �
¼ � 5fðskÞ

hðzk þ dzk;lkÞ þ hðzk;lkÞ

� �
;

ð3:7Þ

let its solution be bdsk, bpk ¼def
bkkJkbvk

 !
. Let

cdwk ¼ Ncdxk þMcdyk; bdzk ¼ ð bdsk; cdwkÞ: ð3:8Þ

If k bdzk � dzkk > kdzkk, then let bdzk ¼ dzk.

Step 4 (Update the penalty parameter). Denote kk0 ¼
defðkk0;j; j 2 L1Þ; kk ¼def

ðkkj ; j 2 L1Þ, where

kk0;j ¼
kk0; j; j 2 Jk;
0; j 62 Jk;

�
kkj ¼

kkj ; j 2 Jk;
0; j 62 Jk:

�
ð3:9Þ

Denote

nk ¼ maxfkkk0k1; kkkk1; kvk0k1; kvkk1; k2kk0 � kkk1; k2vk0 � vkk1g; ð3:10Þ

where kpk1 ¼
defPr

i¼1 jpij for p ¼ ðp1; p2; . . . ; prÞ 2 <r. The updating rule for a
is as follows:

ak ¼
ak�1; if ak�1Pnk þ d;
maxfnk þ d; ak�1 þ 2dg; otherwise :

�
ð3:11Þ

Step 5 (Curve search). Compute the step size sk, which is the first number s
of the sequence f1; b;b2; . . .g satisfying

hðzk þ sdzk þ s2ð bdzk � dzkÞ; ak; lkÞOhðzk; ak;lkÞ þ rswðzk; dzk; ak;lkÞ;
ð3:12Þ

where

wðzk;dzk;ak;lkÞ ¼rfðskÞTdsk� akuðxkÞ� akkUðtk;lkÞk1þ
1

2
ðdsk0Þ

THkds
k
0:

ð3:13Þ
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Step 6. Produce a new iteration point by zkþ1 ¼ zk þ skdzkþ s2ð bdzk � dzkÞ,
and update Bk by some given method to yield a new matrix Bkþ1 with the
form of (2.21) such that the matrix Hkþ1 defined by (2.23) is symmetric
positive definite, let k :¼ kþ 1 and go back Step 1.
In the remainder of this section, we will analyze the feasibility and some

properties of algorithm A by a few lemmas.

LEMMA 3.1. Suppose that assumption (A1) holds, then the following state-
ments are true:
(i) Pivoting in step 2 is terminated after a finite number of computations.
(ii) If Uðyki ;wk

i ; lkÞ ¼ 0, then Uðyki ;wk
i ; l

0
kÞ 6¼ 0 for l0k < lk.

Proof. (i) The proof is similar to that of Lemma 1.1 in [6] and omitted.
(ii) Suppose by contradiction that Uðyk;wk;lkÞ ¼ 0, Uðyk;wk;l0kÞ ¼ 0, then
it follows immediately from the properties of U that lk ¼ yki w

k
i , l0k ¼ yki w

k
i ,

i ¼ 1; 2; . . . ; therefore lk ¼ l0k, contradicting l0k < lk. This completes the
proof. (

From (SLE1)(2.22) and (SLE2)(3.4), it is not difficult to prove that the
following conclusions hold true by straightforward calculation.

LEMMA 3.2. Suppose that assumption ðA1Þ holds, then

dsk0 ¼ �Pk 5 fðskÞ � Fkhðzk;lkÞ;
pk
0 ¼ �FT

k 5 fðskÞ þ ðGkH
�1
k GT

kÞ
�1hðzk; lkÞ;

dsk ¼ dsk0 þ Fkgk; pk ¼ pk
0 � ðGkH

�1
k GT

kÞ
�1gk;

ð3:14Þ

where

Pk ¼ H�1k �H�1k GT
kðGkH

�1
k GT

kÞ
�1GkH

�1
k ; Fk ¼ H�1k GT

kðGkH
�1
k GT

kÞ
�1:

ð3:15Þ

LEMMA 3.3. Suppose that assumption (A1) holds and Hk is symmetric posi-
tive definite, then the following statements are true:
(i) ðSLE2Þ(3.4) and ðSLE3Þ(3.7) have a unique solution, respectively.
(ii) For any k, wðzk; dzk; ak;lkÞ < 0.
(iii) For any k, there exists a s > 0 satisfying the curve search ð3:12Þ, that

is, Step 5 in algorithm A will be terminated after a finite number of
computations, so algorithm A is well defined.

(iv) The sequence fzkg generated by algorithm A satisfies wk ¼ Nxkþ
Myk þ q for all k.
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Proof. (i) Since the coefficients of (SLE2)(3.4) and (SLE3)(3.7) are the
same as the one of ðSLE1Þ(2.22), part (i) follows immediately from Lemma
2.5.
(ii) From (3.13) and (3.14), we obtain

wðzk;dzk;ak;lkÞ

¼5fðskÞTðdsk0þFkgkÞ�akuðxkÞ�akkUðtk;lkÞk1þ
1

2
ðdsk0Þ

THkds
k
0

¼5fðskÞTdsk0þðFT
k5 fðskÞÞTgk�akuðxkÞ�akkUðtk;lkÞk1þ

1

2
ðdsk0Þ

THkds
k
0:

ð3:16Þ

Again, from (SLE1)(2.22), one gets

5fðskÞTdsk0¼�ðdsk0Þ
THkds

k
0�ðk

k
0;Jk
ÞTðAJk ;0Þdsk0�ðvk0Þ

TðCk
wNCk

yþCk
wMÞdsk0:
ð3:17Þ

On the other hand, we can deduce from (3.14) and (2.24) that

FT
k 5 fðskÞ ¼ ðGkH

�1
k GT

kÞ
�1 AJkx

k � bJk
Uðtki ; lkÞ

� �
� pk

0: ð3:18Þ

Substituting (3.17) and (3.18) into (3.16), and taking into account (3.14)
and (3.5), we have

wðzk; dzk; ak;lkÞ ¼ �
1

2
ðdsk0Þ

THkds
k
0 þ

X
j2Jk
ð2kk0;j � kkj Þðajxk � bjÞ

þ
Xm
i¼1
ð2vk0;i � vki Þ/ðtki ; lkÞ � akuðxkÞ � akkUðtk; lkÞk1

�
X

j2Jk;kk0;j<0

ðkk0;jÞ
4O� 1

2
ðdsk0Þ

THkds
k
0

� akuðxkÞ �
X
j2Jk
ð2kk0;j � kkj Þðajxk � bjÞ

 !

þ
Xm
i¼1
ðj2vk0;i � vki j � akÞj/ðtki ; lkÞj �

X
j2Jk;kk0; j<0

ðkk0; jÞ
4:

So it follows immediately from (3.11) and (2.1) that

wðzk; dzk;lkÞO�
1

2
ðdsk0Þ

THkds
k
0 �

X
j2Jk;kk0;j<0

ðkk0;jÞ
4 < 0; 8k: ð3:19Þ
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(iii) For the sake of convenience, denote

T1 ¼ fðsk þ sdsk þ s2ð bdsk � dskÞÞ � fðskÞ;

T2 ¼ uðxk þ sdxk þ s2ðcdxk � dxkÞÞ � uðxkÞ;

T3 ¼
Xm
i¼1
ðj/ðtki þ sdtk þ s2ð bdtk � dtkÞ;lkÞj � j/ðtki ; lkÞjÞ;

so we know that from (3.1)

hðzk þ sdzk þ s2ð bdzk � dzkÞ; ak; lkÞ � hðzk; ak;lkÞ ¼ T1 þ akT2 þ akT3:

ð3:20Þ

Notice that Iðxk þ sdxk þ s2ðcdxk � dxkÞÞ � IðxkÞ for all sufficiently small s, so

T2 ¼ maxf0; ajðxk þ sdxk þ s2ðcdxk � dxkÞÞ � bj; j 2 Iðxk þ sdxk

þ s2ðcdxk � dxkÞÞg �maxf0; ajx
k � bj; j 2 IðxkÞg

Omaxf0; ajðxk þ sdxk þ s2ðcdxk � dxkÞÞ � bj; j 2 IðxkÞg
�maxf0; ajx

k � bj; j 2 IðxkÞg
¼ maxf0; ðajxk � bjÞ þ sajdx

k; j 2 IðxkÞg
�maxf0; ajx

k � bj; j 2 IðxkÞg þ oðsÞ:
ð3:21Þ

Since

egðxk; sdxkÞ ¼def maxf0; ðajxk � bjÞ þ sajdx
k; j 2 IðxkÞg

is convex with respect to s, so

egðxk; sdxkÞ ¼ egðxk; ð1� sÞ0þ sdxkÞOð1� sÞegðxk; 0Þ þ segðxk; dxkÞ
Oð1� sÞmaxf0; ajx

k � bj; j 2 IðxkÞg
þ smaxf0; ajx

k � bj þ ajdx
k; j 2 IðxkÞg;

which together with (3.21) gives

T2 ¼ �smaxf0; ajx
k � bj; j 2 IðxkÞg

þ smaxf0; ajx
k � bj þ ajdx

k; j 2 IðxkÞg þ oðsÞ
¼ �suðxkÞ þ smaxf0; ajx

k � bj þ ajdx
k; j 2 IðxkÞg þ oðsÞ:
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Notice that j 2 IðxkÞ � Jk, it follows from (SLE2)(3.4) that ajx
k � bjþ

ajdx
k ¼ gkO0, therefore we obtain

T2 ¼ �suðxkÞ þ oðsÞ:

On the other hand, arising from Taylor expansion, one has

T1 ¼ fðsk þ sdsk þ s2ð bdsk � dskÞÞ � fðskÞ ¼ s5 fðskÞTdsk þ oðsÞ;

T3 ¼
Xm
i¼1
ðj/ðtki ; lkÞ þ s5 /ðtki ; lkÞdtk þ oðsÞj � j/ðtki ;lkÞjÞ

¼
Xm
i¼1
ðj/ðtki ; lkÞ � s/ðtki ;lkÞj � j/ðtki ; lkÞjÞ þ oðsÞ

¼
Xm
i¼1
ð�sÞj/ðtki ; lkÞj þ oðsÞ:

Therefore

T1 þ akT2 þ akT3OsðrfðskÞTdsk � akuðxkÞ � ak
Xm
i¼1
j/ðtki ;lkÞjÞ þ oðsÞ

Oswðzk; dzk; ak;lkÞ þ oðsÞ; ð3:22Þ

which together with (3.20) and wðzk; dzk; ak;lkÞ < 0 shows that there exists
a sk > 0 such that

hðzk þ skdz
k þ s2kð bdzk � dzkÞ; ak; lkÞOhðzk; ak;lkÞ þ rskwðzk; dzk; ak;lkÞ:

This indicates that algorithm A is well defined.
Lastly, the proof of part(iv) is easy by induction method, and omitted.

(

4. Global Convergence and Strong Convergence

In this section, we first analyze and verify the global convergence of algo-
rithm A, and then further discuss and prove the strong convergence of
algorithm A under some additional assumptions.
For the sake of convenience, let z� be an accumulation point of sequence
fzkg, then there exists a subsequence K � f1; 2; 3; . . .g such that

lim
k2K

zk ¼ z� ¼ ðx�; y�;w�Þ; s� ¼ ðx�; y�Þ; t� ¼ ðy�;w�Þ; Jk � J: ð4:1Þ

LEMMA 4.1. There exists a constant e > 0 such that ekPe for all k.

Proof. Suppose, by contradiction, that there exists an infinite subset K1

such that ek�!
K1

0. In view of the fact that fekg is monotonically decreasing,
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we know that limx!1 ek ¼ 0. Without loss of generality, let ek ¼ ek;ik , bJk ¼
Jk;ik�1, so we have

det ðAbJkATbJkÞ < 2ek;ik ; 0 < uðxkÞ � ðajxk � bjÞ < 2ek;ik ; j 2 bJk: ð4:2Þ

Note that L1 ¼ f1; 2; . . . ; pg is a finite set, so we can suppose, without loss
of generality, that there exists an infinite subset K2 � K1 such thatbJk � J; 8k 2 K2. Define

uðx�Þ ¼ maxf0; ajx
� � bj; j 2 Jg; A� ¼ faj : j 2 Jg;

Passing to the limit k!1ðk 2 KÞ in (4.2), we have

det ðA�JA�
T

J Þ ¼ 0; uðx�Þ ¼ ajx
� � bj; j 2 J:

From the second formula above, we know J � Iðx�Þ, contradicting assump-
tion (A1). This completes the proof. (

In order to verify the global convergence of algorithm A, additional
assumptions as follows are necessary:
(A2) There exist constants c2Pc1 > 0 such that

c1ksk2OsTHksOc2ksk2; 8s 2 <nþm; 8k ¼ 0; 1; 2; . . . :

(A3) The point sequence fzkg produced by algorithm A is bounded, and
every accumulation point z� ¼ ðx�; y�;w�Þ of fzkg satisfies the following
conditions:
(i) The (lower level) nondegeneracy condition (2.2) holds;
(ii) The submatrix MJ�J� is nondegenerate, i.e., all of its principal minors

are nonsingular, where the index set J� ¼ fi :w�i ¼ 0g.

From the closeness of X0 and zk 2 X0, it is obvious that z� 2 X0, i.e.
w� ¼ Nx� þMy� þ q. In view of (A2), (A3)(i), (3.2) and (2.24), we have

lim
k2K

Hk ¼ H�;Ck
y �!
K

C�y ¼
def

Cyðy�;w�; 0Þ; Ck
w�!
K

C�w ¼
def

Cwðw�; y�; 0Þ;

Gk�!
K

G� ¼def AJ 0
C�wN C�y þ C�wM

� �
: ð4:3Þ

If define an index set J0 ¼ fi 2 L2:ðC�yÞii ¼ cðy�i ;w�i ; 0Þ ¼ 0g, then from
(2.13) and k 2 ð�2; 2Þ, we have J0 � J�.

PROPOSITION 4.2 Suppose that assumptions ðA1Þ�ðA3Þ hold, then
(i) The limit matrix C�y þ C�wM of the sequence fðCk

y þ Ck
wMÞ; k 2 Kg of

matrices is nonsingular.
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(ii) The limit matrix G� of fGkg is full of row rank, the matrix
H� G�T

G� 0

� �
is nonsingular.

Proof. (i) We know that the principal minors MJ0J0 of MJ�J� are nonsin-
gular from (A3)(ii), so result (i) is true from Proposition 3.2 in [4].
(ii) From assumption (A1) and result (i), we know that AJ and

C�y þ C�wM are full of row rank, so is G�. Similar to the proof of Lemma

2.5, we can prove that
H� G�T

G� 0

� �
is nonsingular. (

LEMMA 4.3. Suppose that assumptions ðA1Þ–ðA3Þ hold, then
(i) There exists a constant c > 0 such that kðCk

y þ Ck
wMÞ

�1kOc;
Hk GT

k

Gk 0

� �����
����Oc; for all k 2 K.

(ii) The sequences fdzk0; k 2 Kg, fdzk; k 2 Kg, f bdzk; k 2 Kg, fkk0; k 2 Kg,
fkk; k 2 Kg, fvk0; k 2 Kg and fvk; k 2 Kg are all bounded.

(iii) There exists a positive integer k0 such that ak ¼ ak0 � a;8 kPk0.

Proof. (i) Result (i) follows immediately from Proposition 4.2.
(ii) By ðSLE1Þ(2.22), we obtain

dsk0
pk
0

� �
¼ � Hk GT

k

Gk 0

� ��1 5fðskÞ
hðzk;lkÞ

� �
: ð4:4Þ

Since 5fðskÞ!K 5fðs�Þ, hðzk; lkÞ!
K
hðz�; 0Þ, so there exists a constant ec > 0

such that

5fðskÞ
hðzk; lkÞ

� �����
����O~c

which together with result (i) gives that fdsk0; k 2 Kg and fpk
0; k 2 Kg are

bounded, furthermore, we obtain from (3.3) that fdzk0; k 2 Kg, fk
k
0; k 2 Kg

and fvk0; k 2 Kg are also bounded.
Similarly, we can verify that fdzk; k 2 Kg, fkk; k 2 Kg, fvk; k 2 Kg are

bounded, furthermore, we obtain f bdzk, k 2 Kg is bounded from Step 3 in
algorithm A.
(iii) Suppose by contradiction that this conclusion is not true, then, in

view of the updating formula (3.11), there exists an infinite subset fkig
such that

aki�1 < nki þ d; aki ¼ maxfnki þ d; aki�1 þ 2dgPaki�1 þ 2d;8i:
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On the other hand, from the updating formula (3.11), we know that the
whole sequence fakg is monotonically nondecreasing, so aki�1Pakði�1Þ since
ki � 1Pkði�1Þ. Therefore, one has

akði�1ÞOaki�1 < nki þ d; akiPaki�1 þ 2d; 8i:

The second inequalities above show that limi!1 aki ¼ þ1. But, from the
first equalities above and result (ii), we know that

lim
i!1

akði�1ÞO sup
i
fnkig þ d < þ1;

this contradicts limi!1 aki ¼ þ1. So result (iii) is true. (

Based on Lemma 4.3, in the remainder of this paper we suppose, with-
out loss of generality, that ak � a for all k.

LEMMA 4.4. For any d1 > d2 > 0 and ða; bÞ 2 <2, the following inequality
holds:

j/ða; b; d2ÞjOj/ða; b; d1Þj þ
ffiffiffiffiffiffiffiffiffiffiffi
2� k
p

d1
2
ffiffiffiffiffi
d2
p : ð4:5Þ

Proof. Using the mean value theorem, we know that there exists �d 2
ðd2; d1Þ such that

j/ða; b; d2Þj ¼ j/ða; b; d1Þ þ /0lða; b; �dÞðd2 � d1Þj;

¼ j/ða; b; d1Þj þ
ð2� kÞðd1 � d2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ kabþ ð2� kÞ�d

q

Oj/ða; b; d1Þj þ
ð2� kÞðd1 � d2Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ kb

2 Þ
2 þ ð4�k2Þb2

4 þ ð2� kÞ�d
q

Oj/ða; b; d1Þj þ
ffiffiffiffiffiffiffiffiffiffiffi
2� k
p

d1
2
ffiffiffiffiffi
d2
p : (

LEMMA 4.5. Suppose that sequences fmkg and fckg of scalars satisfy

mkP0;
X1
k¼1

mk <1; ckþ1Ock þ mk; k ¼ 1; 2; . . . : ð4:6Þ

Then (i) The sequence fckg is bounded from above, i.e. limk!1ck < þ1.
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(ii) The entire sequence fckg is convergent (including a finite limit or
an infinite limit).

Proof. We first have from (4.6)

ckþ1Ock þ mkOck�1 þ mk�1 þ mkO � � �Oc1 þ
Xk
i¼1

mi;

which together with
P1

k¼1 mk <1 shows that result (i) holds true.
In order to prove result (ii), let

a ¼ lim
k!1

ck ¼ lim
k2K

ck; a ¼ lim
k!1

ck ¼ lim
k2K

ck;

and then it is sufficient to verify aO a. For convenience, we assume that
both a and a are finite real numbers. Let e > 0 be any given real number
and small enough, we know that, from (4.3) and

P1
k¼1 ck <1, there exist

positive integers N 2 K, N 2 K and N such that

�e < ck � �a < e; k 2 K;8k > N; ð4:7Þ

�e < ck � a < e; k 2 K;8k > N; ð4:8Þ

Xt�1
i¼0

mkþi < e;8k > N; t ¼ 1; 2; . . .

On the other hand, for any given k 2 K and k > maxfN;N;Ng, since K is
an infinite subset of f1; 2; . . .g, there exists at least an integer t such that
kþ t 2 K, moreover we have from (4.6)

ckþtOckþt�1 þ mkþt�1O � � �Ock þ
Xt�1
i¼0

mkþi;

which together with (4.7) and (4.8) gives

�a� eOaþ eþ e;

So we can conclude that �aOa since e > 0 is sufficiently small. The proof is
completed. (

LEMMA 4.6. Suppose that assumptions (A1)–(A3) hold, then the sequences
fhðzk; a; lkÞg and fhðzkþ1; a; lkÞg are both convergent and have the same
limit.

Proof. In view of limk!1
lkþ1
lc
k

¼ �g in (3.2), we have
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffi

lkþ1
p

>
ffiffiffiffiffiffiffiffi
�glc

k

q
, fur-

thermore, by Lemma 4.4, we have
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j/ðtkþ1i ;lkþ1ÞjOj/ðtkþ1i ; lkÞj þ
ffiffiffiffiffiffiffiffiffiffiffi
2� k
p

lk

2
ffiffiffiffiffiffiffiffiffi
lkþ1
p Oj/ðtkþ1i ; lkÞj þ d̂l

1�c
2

k ;

where bd ¼ ffiffiffiffiffiffi
2�k
p ffiffi

�g
p . Combining this inequality with (3.1), we have

hðzkþ1; a;lkþ1ÞOhðzkþ1; a; lkÞ þmad̂l
1�c

2

k : ð4:9Þ

In view of the step size search (3.12) and Lemma 3.3(ii), we obtain

hðzkþ1; a; lkÞOhðzk; a; lkÞ þ rswðzk; dzk; a; lkÞ < hðzk; a; lkÞ; ð4:10Þ

and which together with (4.9) gives

hðzkþ1; a;lkþ1Þ � hðzk; a; lkÞ þmabdl
1�c

2

k : ð4:11Þ

On the other hand, from limk!1
lkþ1
lc
k

¼ �g, we know that
P1

k¼0 l
1�c

2

k is con-
vergent, so fhðzk; a; lkÞg is convergent from Lemma 4.4 and the inequality
above. Again, by (4.9) and (4.10), we get

hðzkþ1; a;lkþ1Þ �mad̂l
1�c

2

k Ohðzkþ1; a; lkÞOhðzk; a; lkÞ:

Passing to the limit k!1, we have that limk!1 hðzkþ1; a; lkÞ ¼
limk!1 hðzk; a; lkÞ:The proof is completed. (

LEMMA 4.7. Suppose that assumptions (A1)–(A3) hold, then

wðzk; dzk; a; lkÞ ¼ 0; k 2 K:

Proof. Suppose, by contradiction, that there exists a constant �c > 0 such
that

jwðzk; dzk; a; lkÞjP�c; 8 k 2 K;

which together with Lemma 3.3(ii) gives

wðzk; dzk; a; lkÞO� �c; 8 k 2 K: ð4:12Þ

Next we will show that there exists s > 0, such that skPs; 8 k 2 K: From
(3.20) and (3.22), we have

hðzkþ sdzkþ s2ð bdzk� dzkÞ;a;lkÞ� hðzk;a;lkÞOswðzk;dzk;a;lkÞþ oðsÞ;

Which together with the boundedness of fdzk; k 2 Kg and f bdzk � dzk,
k 2 Kg shows that there exists a constant �s > 0 such that

hðzk þ sdzk þ s2ð bdzk � dzkÞ; a;lkÞOhðzk; a;lkÞ þ rswðzk; dzk; a;lkÞ;
ð4:13Þ
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for all k 2 K and 8s 2 ½0;�s�. Therefore according to the method of compu-
tating the step size sk, there exists s > 0 such that skPs, 8k 2 K so by
(4.12), we can rewrite (4.13) as

hðzkþ1; a;lkÞOhðzk; a;lkÞ � rsc:

Passing to the limit k!1 ðk 2 KÞ and using Lemma 4.6, we obtain
�rscP0, which contradicts ‘‘r > 0, s > 0, �c > 0’’, so limK wðzk; dzk;
a; lkÞ ¼ 0. (
Now we are ready to state and prove the global convergence theorem

for algorithm A.

THEOREM 4.8. Suppose that the stated assumption (A1)–(A3) hold, then
each accumulation point of the sequence fzkg generated by algorithm A is a
stationary point of (LCP)(1.1).

Proof. Let z� be a given accumulation point of fzkg and subsequence K
ensure (4.1) holds. By (3.19) and assumption (A2), we obtain

wðzk; dzk; a; lkÞO�
1

2
c1kdsk0k

2 �
X

j2J;kk0; j<0

ðkk0;jÞ
4 < 0;

From Lemma 4.7, we have limK wðzk; dzk; a; lkÞ ¼ 0, so

kdsk0k ! 0;
X

j2J;kk0; j<0

ðkk0;jÞ
4 ! 0; ðk�!K 1Þ ð4:14Þ

Notice that fkk0;j; k 2 Kg and fvk0;i, k 2 Kg are bounded from Lemma
4.3(ii), without loss of generality, we suppose that kk0; j�!

K ~k�j , vk0;i�!
K

~v �i .
Hence we can verify by (4.14) that ~k�j P0, 8j 2 J. If not, then there exists aek�t < 0, t 2 J, so kk0;t < 0, t 2 J, furthermore,X

j2J;kk0;j<0

ðkk0;jÞ
4Pðkk0;tÞ

4 �! ð~k�t Þ
4 > 0;

which is in contradiction with (4.14). So passing to k�!K 1 in
(SLE1)(2.22), we obtain

5 fðs�Þ þ
NTC�w

MTC�w þ C�y

 !
~v � þ AT

J

0

� �
ðek�ÞJ ¼ 0;

ðek�ÞJP0; AJx
� � bJ ¼ 0; Uðy�;w�; 0Þ ¼ 0; ð4:15Þ

In view of Iðx�Þ � J, it follows from above (4.15) that uðx�Þ ¼ 0, further-
more, Ax� � bO0. Passing to the limit k!1 in wk ¼ Nxk þMyk þ q, we
get w� ¼ Nx� þMy� þ q, so z� ¼ ðx�; y�;w�Þ 2 X. Now we define
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v�i ¼
2�k
2y�

i
ev �i ; if i 2 Iwðz�Þ ¼deffi 2 L2 : w�i ¼ 0g

2�k
2w�

i
ev �i ; if i 2 Iyðz�Þ ¼deffi 2 L2 : y�i ¼ 0g:

8<
:

k�j ¼ ek�j ; j 2 J; k�j ¼ 0; j 62 J:

ð4:16Þ

Hence we obtain from (4.15)

5 fðs�Þ þ NTY�

MTY� þW�

� �
v� þ AT

0

� �
k� ¼ 0;

k�P0; ðAx� � bÞTk� ¼ 0;

where Y� ¼ diagðy�i ; i ¼ 1; 2; . . . ;mÞ, W� ¼ diagðw�i ; i ¼ 1; 2; . . . ;mÞ. So the
theorem holds from the equivalent condition (2.4) of a stationary point. (

Denote

I�y ¼ Iyðz�Þ ¼deffi 2 L2 : y�i ¼ 0g; I�w ¼ Iwðz�Þ ¼deffi 2 L2 :w
�
i ¼ 0g;

L�1þ ¼ fj 2 L1 : k
�
j > 0g; I� ¼ Iðx�Þ; AL�

1þ
¼ ðaj; j 2 L�1þÞ:

In order to prove the strong and superlinear convergence, the following
assumptions are necessary:
(A4) Function f is twice continuously differentiable.
(A5) (i) There exists an accumulation point z� of fzkg, so from Theorem
4.8, there exist multipliers ðk�; v�Þ such that the stationary point pair
ðz�; k�; v�Þ satisfying (2.3), suppose that second order sufficient conditions
as follows hold true:

ðdsÞT52 fðx�; y�Þds > 0; 8ds 2 X;

where

X ¼deff0 6¼ ds 2 <nþm : NI�wdxþ ðMI�wI
�
w
ÞdyI�w ¼ 0;AL�

1þ
dx ¼ 0; dyI�y ¼ 0g:

ð4:17Þ

(ii) (Upper level) Strict complementary conditions hold, i.e.
k�j > 0ð8j 2 Iðx�ÞÞ.
By (2.20), (4.3), (2.11), (2.12) and Proposition 2.3, it is easy to prove the

following result holds.

LEMMA 4.9. Assumption (A5)(i) is equivalent to the following statement:

dzTHðz�; ~v �; 0Þdz > 0; 8dz 2 X; ð4:18Þ

where Xþ ¼deffdz 6¼ 0 :AL�
1þ
dx ¼ 0; N Mð Þds ¼ dw, C�y C�w

� 	
dt ¼ 0g.
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LEMMA 4.10. Suppose that assumptions (A1)–(A5) hold, then
(i) limk!1 dzk0 ¼ limk!1 dzk ¼ 0.
(ii) limk!1 kzkþ1 � zkk ¼ 0.

Proof. From (4.14) and assumption (A5), we know for any infinite subse-
quence K � f1; 2; 3; . . .g, that there exists subsequence K0 � K such that
limk2K0 ds

k
0 ¼ 0, so limk!1 dsk0 ¼ 0. On the other hand, limk!1 gk ¼ 0 fol-

lows from (3.5) and ~k�j P0, 8j 2 J, hence we have limk!1 dsk ¼ 0 from
dsk ¼ dsk0 þ Bkgk in (3.15), combining (3.3) and (3.6), we have

lim
k!1

dzk0 ¼ lim
k!1
ðdsk0; dwk

0Þ ¼ 0; lim
k!1

dzk ¼ lim
k!1
ðdsk; dwkÞ ¼ 0:

Furthermore, since

kzkþ1 � zkk ¼kskdzk þ s2kð bdzk � dzkÞkOskkdzkk þ s2kk bdzk � dzkk
Oskkdzkk þ s2kkdzkk ¼ skð1þ skÞkdzkk

Therefore limk!1 kzkþ1 � zkk ¼ 0: (

THEOREM 4.11. Suppose that assumptions (A1)–(A5) hold, z� is an accu-
mulation point of sequence fzkg produced by algorithm A, then
limk!1 zk ¼ z�; i.e. algorithm A is strongly convergent.

Proof. From Theorem 4.8, Proposition 2.3 and the given assumptions,
we know that ðz�; ~x�Þ (where ~x� ¼ ðk�; u�; �v� ¼ ~v �Þ) is a KKT pair of
(NLPl) (2.14) for l ¼ 0. On the other hand, by using the given assump-
tions and Proposition 4.2, it is not difficult to see that the second order suf-
ficient conditions and the linear independence constraint qualification
(LICQ) hold for (NLPl) (2.14) with l ¼ 0 at ðz�; ~x�Þ. Thus we can con-
clude z� is an isolated KKT point of (NLPl) (2.14) for l ¼ 0 (see Theorem
1.2.5 in [16]). Furthermore, we know from Theorem 4.8 that z� is an iso-
lated accumulation point of fzkg. Therefore, combining this conclusion
with Lemma 4.10(ii) and Theorem 1.1.5 in [9], we obtain limk!1 zk ¼ z�:
(

5. Superlinear Convergence

In this section, we will analyze and verify the superlinear convergence of
algorithm A. For this goal, we first give some lemmas.

LEMMA 5.1 [6]. Suppose that assumptions (A1)–(A5) hold, then

Jk � Iðx�Þ ¼ I�; for k large enough:

498 JIAN-LING LI AND JIN-BAO JIAN



Based on Lemma 5.1, for convenience, let I� ¼ Iðx�Þ throughout the
remainder of the paper.

LEMMA 5.2. Suppose that assumptions (A1)–(A5) hold, then
limk!1 kk0 ¼ k�, limk!1 vk0 ¼ ~v �, and ðk�; v�Þ (where v� and ~v � satisfy ð2:15ÞÞ
are the multipliers associated with stationary point z� of (LCP)(1.1) satisfy-
ing (2.3), and ðk�; u�; �v�Þ ¼ ðk�;Y�v�;~v �Þ are KKT multipliers associated with
KKT point z� of (NLP0) (2.14).

Proof. From Lemma 5.1 and (SLE1)(2.22), we have

Hkds
k
0 þrfðskÞ þ GT

k

kk0;I�
vk0

� �
¼ 0;

which together with Proposition 4.2, Lemma 4.10 and Theorem 4.11 gives

kk0;I�
vk0

� �
¼ �ðGkG

T
k Þ
�1GkðHkds

k
0 þrfðskÞÞ:

Passing to the limit k!1, and notice that limk!1 dsk0 ¼ 0, we get

kk0;I�
vk0

� �
�! �ðG�GT

� Þ
�1G�rfðs�Þ ¼def ¼

k�I�
~v �

� �
:

On the other hand, from the strict complementarity condition, we have
k�j ¼ 0 for j 2 L1nI�, so if we set kk0;L1nIðx�Þ ¼ 0; then

kk0
vk0

� �
! k�

~v �

� �
; i:e: lim

k!1
kk0 ¼ k�; lim

k!1
vk0 ¼ ~v �:

furthermore, the remaining conclusions follow from Theorem 4.8 and The-
orem 4.11. (
By Lemma 5.1, assumption A(ii), (3.5), Lemma 5.2 and Step 3(ii), we see

that the following result is true:

LEMMA 5.3. Suppose that assumptions (A1)–(A5) hold, then gk � 0 for all
sufficiently large k, moreover, dzk0 ¼ dzk.

LEMMA 5.4. Suppose that assumption (A1)–(A5) hold, then

k bdzk � dzkk ¼ Oðkdzk0k
2Þ:

Proof. By Lemma 5.3, we have dsk ¼ dsk0 for k enough large, so from
(SLE1)(2.22) and (SLE3)(3.7), we obtain
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Hk GT
k

Gk 0

� � bdsk � dsk0bpk � pk
0

� �
¼ � 0

hðzk þ dzk0; lkÞ

� �
: ð5:1Þ

Again, by (SLE1)(2.22), we have

AJkðxk þ dxk0Þ � bJk ¼ AJkx
k � bJk þ AJkdx

k
0 ¼ 0;

and using Taylor expansion and (SLE1)(2.22), one knows

Uðtk þ dtk0; lkÞ ¼ Uðtk; lkÞ þ rUðtk; lkÞdtk0 þOðkdtk0k
2Þ

¼ Oðkdtk0k
2Þ ¼ Oðkdsk0k

2Þ ¼ Oðkdzk0k
2Þ:

So (5.1) together with (2.24) gives

Hk GT
k

Gk 0

� � bdsk � dsk0
p̂k � pk

0

� �
¼ 0

Oðkdzk0k
2Þ

� �
:

Thus

bdsk � dsk0bpk � pk
0

� �
¼ Hk GT

k

Gk 0

� ��1
0

Oðkdzk0k
2Þ

� �

follows from Lemma 2.5. Hence k bdsk � dsk0k ¼ Oðkdzk0k
2Þ, furthermore,

k bdzk � dzk0k ¼ Oðkdzk0k
2Þ: (

In order to prove superlinear convergence of algorithm A, the following
assumption is necessary:

ðA6Þ kðHðzk; vk; lkÞ � BkÞdzkk ¼ oðkdzkkÞ

THEOREM 5.5. Suppose that assumptions (A1)–(A6) hold, then sk � 1 for
all sufficiently large k.

Proof. From (3.12), it is sufficient to verify the following inequality
holds:

hðzk þ bdzk; a; lkÞ � hðzk; a;lkÞOrwðzk; dzk; a;lkÞ

Using (3.1) and Taylor expansion, we have

hðzk þ bdzk;a;lkÞ � hðzk; a;lkÞ

¼ rfðskÞT bdsk þ 1

2
ð bdskÞTr2fðskÞ bdsk þ oðkcdskk2Þ � auðxkÞ � akUðtk;lkÞk1

þ auðxk þ cdxkÞ þ akUðtk þ bdtk;lkÞk1:
ð5:2Þ

In view of rfðskÞT bdsk ¼ rfðskÞTdsk þrfðskÞTð bdsk � dskÞ, it follows from
Lemma 5.4 that
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1

2
ð bdskÞTr2fðskÞ bdsk ¼ 1

2
ðdskÞTr2fðskÞdsk þ oðkdzk0k

2Þ

since

oðk bdskk2Þ¼ oðkdskþ bdsk�dskk2ÞOoðkdskk2Þþoðk bdsk�dskk2Þ¼ oðkdzk0k
2Þ;

so by above results and (3.13), (5.2) is rewritten as

hðzkþ bdzk;a;lkÞ�hðzk;a;lkÞ

Owðzk;dzk;a;lkÞ�
1

2
ðdsk0Þ

THkds
k
0þrfðskÞ

Tð bdsk�dskÞþ1

2
ðdsk0Þ

Tr2fðskÞdsk0

þamaxf0 ;ajðxkþcdxkÞ�bj; j2L1gþakUðtkþ bdtk;lkÞk1þoðkdzk0k
2Þ:
ð5:3Þ

For j 62 Jk ¼ I�, ajx
k � bjO0 follows from ajx

� � bj < 0. Since

k bdzkk ¼ kdzk þ bdzk � dzkkOkdzkk þ k bdzk � dzkk;

so from Lemma 4.10 and Lemma 5.4, we have limk!1 k bdzkk ¼ 0, more-
over, lim

k!1
kcdxkk ¼ 0, therefore

ajðxk þ cdxkÞ � bj ¼ ajx
k � bj þ ajcdxkO0; j 62 Jk: ð5:4Þ

For j 2 Jk, by (SLE2)(3.4), (SLE3)(3.7) and Lemma 5.3, we obtain

ajðcdxk � dxkÞ ¼ �ðajðxk þ dxkÞ � bjÞ;
r/ðtki ;lkÞTð bdtk � dtkÞ ¼ �/ðtki þ dtk; lkÞ: ð5:5Þ

Hence

ajðxkþcdxkÞ�bj ¼ ajðxkþdxkÞ�bjþajðcdxk�dxkÞ¼ 0; j2 Jk: ð5:6Þ

In view of (5.4) and (5.6), we have

maxf0; ajðxk þ cdxkÞ � bj; j 2 L1g ¼ 0: ð5:7Þ

Using Taylor expansion, we have

/ðtki þ bdtk;lkÞ¼/ðtki þdtk;lkÞþr/ðtkþdtk;lkÞTðbdtk�dtkÞ
þOðk bdtk�dtkk2Þ
¼/ðtki þdtk;lkÞþðr/ðtki ;lkÞþOðkdtkkÞÞTð bdtk�dtkÞþOðk bdtk�dtkk2Þ
¼/ðtki þdtk;lkÞþr/ðtki ;lkÞTð bdtk�dtkÞþOðkdtkkÞð bdtk�dtkÞ
þOðk bdtk�dtkk2Þ
¼OðkdtkkÞð bdtk�dtkÞþOðk bdtk�dtkk2Þ ¼ oðkdzk0k

2Þ: ð5:8Þ
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On the other hand, for j 2 Jk,

ajðxk þ cdxkÞ � bj ¼ ajx
k � bj þ ajdx

k þ ajðcdxk � dxkÞ ¼ ajðcdxk � dxkÞ;

which together with (5.6) gives

ajðcdxk � dxkÞ ¼ 0: ð5:9Þ

Denote /iðt; lÞ ¼ /ðti;lÞ, then by Taylor expansion, we have

/iðtk þ bdtk;lkÞ

¼ /iðtk;lkÞ þ r/iðtk;lkÞ bdtk þ 1

2
ð bdtkÞTr2/iðtk; lkÞ bdtk þ oðk bdtkk2Þ

¼ /iðtk;lkÞ þ r/iðtk;lkÞdtk þr/iðtk; lkÞð bdtk � dtkÞ

þ 1

2
ð bdtkÞTr2/iðtk;lkÞ bdtk þ oðk bdtkk2Þ

¼ r/iðtk; lkÞð bdtk � dtkÞ þ 1

2
ðdtk0Þ

Tr2/iðtk; lkÞdtk0 þ oðkdk0k
2Þ;

which together with (5.8) shows that

r/iðtk; lkÞð bdtk � dtkÞ þ 1

2
ðdtk0Þ

Tr2/iðtk;lkÞdtk0 ¼ oðkdzk0k
2Þ: ð5:10Þ

By (SLE1)(2.22), (5.9), (5.10) and Lemma 5.4, we have

rfðskÞTð bdsk � dskÞ
¼ �ðdsk0Þ

THkð bdsk � dskÞ �
X
j2Jk

kk0;jajðcdxk � dxkÞ

�
Xm
i¼1

vk0;ir/iðtk;lkÞð bdtk � dtkÞ

¼ 1

2

Xm
i¼1

vk0;iðdtk0Þ
Tr2/iðtk; lkÞdtk0 þ oðkdzk0k

2Þ:

ð5:11Þ

Substituting (5.7), (5.8) and (5.11) into (5.3), we get

hðzkþ bdzk;a;lkÞ�hðzk;a;lkÞOwðzk;dzk;a;lkÞ

þ1

2

Xm
i¼1

vk0;iðdtk0Þ
Tr2/iðtk;lkÞdtk0þ

1

2
ðdskÞTr2fðskÞdsk�1

2
ðdsk0Þ

THkds
k
0þoðkdzk0k

2Þ

¼wðzk;dzk;a;lkÞþ
1

2

Xm
i¼1

vk0;iðdtk0Þ
Tr2/iðtk;lkÞdtk0þ

1

2
ðdsk0Þ

Tr2fðskÞdsk0

�1

2
ðdsk0Þ

THkds
k
0þoðkdzk0k

2Þ:
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In view of dwk ¼ Ndxk þMdyk, (2.21), (2.23) and (2.18), we have

ðdsk0Þ
Tr2fðskÞdsk0 þ

Xm
i¼1

vk0;iðdtk0Þ
Tr2/iðtk;lkÞdtk0 � ðdsk0Þ

THkds
k
0

¼ ðdzk0Þ
TðHðzk; vk0; lkÞ � BkÞdzk0;

combining with the assumption (A6), the following result holds true:

hðzkþ bdzk;a;lkÞ�hðzk;a;lkÞOwðzk;dzk;lkÞ

þ1

2
ðdzk0Þ

TðHðzk;vk0;lkÞ�BkÞdzk0þoðkdzk0k
2Þ

¼wðzk;dzk;lkÞþoðkdzk0k
2Þ < rwðzk;dzk;lkÞ:

This completes the proof (

Although the step size of the algorithm A identically equals 1 near the
solution, (NLPlk

) is a series of approaching problems containing parame-
ters, the convergent speed has something to do with the properties of flkg
and the superlinear convergence can not be obtained directly by means of
the existing results. So in order to verify the superlinear convergence of
algorithm A, denote

R� ¼
AT

I� NT 0
0 MT C�y
0 �Em C�w

0
@

1
A; Rðz; lkÞ ¼

AT
Jk

NT 0

0 MT Cðy;w;lkÞ
0 �Em Cðw; y;lkÞ

0
@

1
A;
ð5:12Þ

Rk ¼ Rðzk;lkÞ; Pk ¼ Enþ2m � RkðRT
kRkÞ�1RT

k : ð5:13Þ

LEMMA 5.6. Suppose that assumptions (A1)–(A6) hold, then for all suffi-
ciently large k; the following statements are true:
(i) The matrixes R� and Rk are full of column rank.
(ii) The matrix

Qk ¼
PkHðz�;~v�; 0Þ Rk

RT
k 0

� �
ð5:14Þ

is nonsingular, furthermore, there exists a constant �c > 0 such that
kQ�1k kO�c.

Proof. (i) By Proposition 4.2(ii), we know that C�y þMTC�w is nonsingu-
lar, therefore, the following matrices
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MT C�y þMTC�w
�Em 0

� �
;

MT C�y
�Em C�w

� �

are all full of column rank. By assumption (A1)(ii), AT
I� is full of column

rank and so is R�.
Similarly, we can prove the matrix Rk is also full of column rank.
(ii) In view of Jk � Iðx�Þ, so part (ii) follows from Lemma 2.2.2 in [9]. (

THEOREM 5.7. Suppose that assumptions (A1)–(A6) hold, if
lk ¼ oðkdzkkÞ, then the sequence fzkg produced by algorithm A superlinearly
converges to a stationary point z� of (LCP)(1.1), i.e. kzkþ1 � z�k ¼
oðkzk � z�kÞ.

Proof. Let

uk ¼ DkðN MÞdsk þ Ck
wvk; ~uk ¼

kkJk

uk

vk

0
BB@

1
CCA; ~u � ¼

k�Jk

u�

~v �

0
BB@

1
CCA;

~hðz; lkÞ ¼

AJkx� bJk

NxþMy� wþ q

Uðy;w; lkÞ

0
BB@

1
CCA; gðz; lkÞ ¼

rfðsÞ

0

 !
þ Rðz;lkÞ~u�;

ð5:15Þ

where u� and ~v � are defined by Lemma 5.2. From (SLE2)(3.4), one gets

ðrfðskÞT0ÞT þ Bkdz
k þ Rk ~uk ¼ 0; RT

kdz
k þ ~hðzk; lkÞ ¼ 0: ð5:16Þ

Since ðz�; k�; u�; ~v �Þ is a KKT pair for l ¼ 0 of problem (2.14), and
Jk � Iðx�Þ, so gðz�; 0Þ ¼ 0,Therefore, by Taylor expansion and (2.18), we
have

gðz�;lkÞ ¼ gðz�;0ÞþOðlkÞ ¼OðlkÞ; Hðz�;~v�;lkÞ ¼Hðz�;~v�;0ÞþOðlkÞ;
ð5:17Þ

gðzk;lkÞ ¼ gðz�;lkÞ þ rgðz�; lkÞTðzk � z�Þ þ oðkzk � z�kÞ
¼ rgðz�;lkÞðzk � z�Þ þ oðkzk � z�kÞ þOðlkÞ
¼ Hðz�; ~v �; lkÞðzk � z�Þ þOðlkÞ þ oðkzk � z�kÞ
¼ Hðz�; ~v �; 0Þðzk � z�Þ þ oðkzk � z�kÞ þOðlkÞ:
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So by (5.16) and (5.15), we obtain

�Bkdz
k � Rk ~uk ¼ Hðz�; ~v �; 0Þðzk � z�Þ � Rk ~u� þ oðkzk � z�kÞ þOðlkÞ:

Since PkRk ¼ 0 follows from (5.13), so, multiplying the two sides of the
equation above by matrix Pk , we get

PkHðz�; ~v �; 0Þðzk � z�Þ ¼ �PkBkdz
k þ oðkzk � z�kÞ þOðlkÞ: ð5:18Þ

From assumption (A6), we have

PkHðz�; ~v�;0Þðzk þ d̂zk � z�Þ ¼ PkHðz�; ~v�;0Þðzk � z� þ dzk þ bdzk � dzkÞ
¼ PkHðz�; ~v �;0Þðzk � z�Þ þPkHðz�; ~v �;0Þdzk þPkHðz�; ~v�;0Þð bdzk � dzkÞ
¼ PkðHðz�; ~v�;0Þ � BkÞdzk þ oðkzk � z�kÞ þOðlkÞ
¼ oðkdzkkÞ þ oðkzk � z�kÞ þOðlkÞ:

ð5:19Þ

In view of the definition of ~hðz;lkÞ, we know ~hðz�; 0Þ ¼ 0, rz
~hðz�; lkÞ ¼

Rk, so one has by Taylor expansion,

~hðz�;lkÞ ¼ ~hðzk;lkÞ þ rz
~hðzk; lkÞTðz� � zkÞ þ oðkzk � z�kÞ

¼ ~hðzk;lkÞ þ RT
kðz� � zkÞ þ oðkzk � z�kÞ:

On the other hand, ~hðz�;lkÞ ¼ ~hðz�; 0Þ þOðlkÞ ¼ OðlkÞ, so

RT
kðzk � z�Þ ¼ ~hðzk;lkÞ þ oðkzk � z�kÞ þOðlkÞ:

This along with Lemma 5.4 and (5.16) implies

RT
kðzk þ bdzk � z�Þ ¼ RT

kdz
k þRT

kðzk � z�Þ þRT
kð bdzk � dzkÞ

¼ RT
kdz

k þ ~hðzk;lkÞ þ oðkdzkkÞ þ oðkzk � z�kÞ þOðlkÞ
¼ oðkdzkkÞ þ oðkzk � z�kÞ þOðlkÞ:

ð5:20Þ

In view of the fact that zkþ1 ¼ zk þ bdzk, so we have from (5.19) and (5.20)

PkHðz�; ~v �; 0Þ Rk

RT
k 0

� �
zkþ1 � z�

0

� �
¼ oðkdzkkÞ þ oðkzk � z�kÞ þOðlkÞ;

which together with Lemma 5.6(ii) and lk ¼ oðkdzkkÞ gives that

kzkþ1 � z�kOoðkzk � z�kÞ þ oðkdzkkÞ ¼ oðkzk � z�kÞ þ oðk bdzkkÞ
¼ oðkzk � z�kÞ þ oðkzkþ1 � zkkÞOoðkzkþ1 � z�kÞ þ oðkzk � z�kÞ:
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Hence

kzkþ1 � z�k
kzk � z�k 1� oðkzkþ1 � z�kÞ

kzkþ1 � z�k

� �
O

oðkzk � z�kÞ
kzk � z�k :

Passing to the limit k!1, we have

lim
k!1

kzkþ1 � z�k
kzk � z�k ¼ 0; i:e: kzkþ1 � z�k ¼ oðkzk � z�kÞ: (

6. Numerical Results

In order to test the efficience of the proposed algorithm, we solve some
examples. The computing results show that the algorithm is efficient and
fast. The following three test problems are taken from [4].

PROBLEM 1

min fðx; yÞ ¼ 1

2
x2 þ 1

2
xy� 95x

s:t: 0OxO200;

w ¼ 1

2
xþ 2y� 100;

0Ow ? yP0:

PROBLEM 2. Let

fðx; yÞ ¼ 1

2
ðx1 þ x2 þ y1 � 15Þ2 þ ðx1 þ x2 þ y2 � 15Þ2
h i

;

A ¼

1 0

�1 0

0 1

0 �1

0
BBB@

1
CCCA; b ¼

10

0

10

0

0
BBB@

1
CCCA; M ¼

2 8
3

5
4 2

 !
; N ¼

8
3 2

2 5
4

 !
:

PROBLEM 3. This is a set of several problems with data generated as fol-
lows. The objective function is given by

fðx; yÞ ¼ 1

2
xTxþ eTy; e ¼ ð1; . . . ; 1ÞT;

and the matrix M is strictly diagonally dominant (thus P) with off-diagnoal
entires being random numbers between 0 and 1, the entires of the matrices
N, A and vectors q, b are randomly generated; moreover, q and b are non-
negative vectors and the pair ðA; bÞ is such that the n-vector of all ones sat-
isfies AxOb. This kind of problems have optimal solutions x� ¼ 0, y� ¼ 0.
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In the test processes, the termination rule and parameters are chosen as
follows:

kdzk0k1O10�8 and kk0;JkP0;

ê ¼ 10�8; k ¼ 0; a�1 ¼ 10; e ¼ 1; b ¼ 0:5; d ¼ 10; r ¼ 0:1; �g ¼ 0:5;

Table 1. Performance of algorithms A and FLP on the three test problems

Problem Size

(p,m,n)

Initial point

(x0, y0)

Updating

lk

Formula

for comput

ing Bk

NA f(x*,y*) NFLP

(6.1) 20 )3.2666666665e+003 23

lk+1=0.5lk (6.2) 18 )3.2666666660e+003 22

1 (2,1,1) (0,0) (6.3) 19 )3.2666666663e+003 23

(6.1) 23 )3.2666666667e+003 Fails

lkþ1 ¼ 0:5l1:5
k (6.2) 20 )3.2666666667e+003 Fails

(6.3) 5 )3.2666666666e+003 8

(6.1) Fails 48

lk+1=0.5lk (6.2) 42 1.1501591998e-027 Fails

2 (4,2,2) (0,0) (6.3) Fails 28

(6.1) Fails Fails

lkþ1 ¼ 0:5l1:5
k (6.2) 18 0.0000000000e+000 Fails

(6.3) Fails Fails

(6.1) 36 404566452855e-010 50

lk+1=0.5lk (6.2) 35 5.9148158177e-010 30

3 (30,30,50) (ones,zeros) (6.3) 37 1.7414574636e-010 28

(6.1) 7 2.5837711355e016 11

lkþ1 ¼ 0:5l1:5
k (6.2) 7 2.5716508351e015 11

(6.3) 7 5.1736973325e-016 12

(6.1) 41 3.8260317239e-011 50

(6.2) 39 1.0485304714e-010 31

3 (50,60,50) (ones,zeros) lk+1=0.5lk (6.3) 38 1.9690694013e-010 30

(6.1) 7 3.4554261581e-016 12

lkþ1 ¼ 0:5l1:5
k (6.2) 7 1.1889320698e-015 11

(6.3) 7 5.8833421524e-016 11

(6.1) 38 2.1989377005e-010 51

lkþ1 ¼ 0:5lk (6.2) 38 2.2583316969e-010 32

3 (100,70,70) (ones,zeros) (6.3) 40 8.9947090307e-011 31

(6.1) 7 2.8473364919e-015 11

lkþ1 ¼ 0:5l1:5
k (6.2) 7 5.8214664360e-016 12

(6.3) 7 6.4785283839e-015 11

(6.1) 42 3.7324915964e-011 50

lk+1=0.5lk (6.2) 44 1.0236235664e-011 38

3 (150,100,100) (ones,zeros) (6.3) 40 9.1641172875e-011 38

(6.1) 7 9.3123502743e-016 11

lkþ1 ¼ 0:5l1:5
k (6.2) 7 1.8769541428e-015 11

(6.3) 7 5.5426324526e-016 11
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and we choose the matrices Bk, i.e., Ck, and Dk in (2.21) by one of follow-
ing forms:

Ck �
In 0
0 0

� �
; Dk � 0; ð6:1Þ

Ck � Inþm; Dk � 0; ð6:2Þ

Ck ¼
r2

xx fðskÞ r2
xy fðskÞ

r2
yx fðskÞ r2

yyfðskÞ þ diag vk�1i
o2/ðtki ;lkÞ

oa2

� �
 !

;

Dk ¼ diag vk�1i

o2/ðtki ;lkÞ
ob2

� �
m�m;

ð6:3Þ

with v�1 ¼ ð�1; . . . ;�1ÞT 2 <m.
The numerical results are given in Table 1 below where we make a sim-

ple comparison with the algorithm which is proposed by Fukushima, Luo
and Pang in [4] (FLP). The word ‘‘fails’’ means that the associated algo-
rithms can not achieve the given precision 10�8 or the number of iterations
is too large. NA and NFLP represent the total number of iteration of Algo-
rithm A, Algorithm FLP, respectively. From the computational results of
Table 1, the proposed Algorithm A with superlinear convergence is more
efficient and faster than FLP algorithm. Specifically, FLP algorithm fails in
many cases of choice of matrix Bk and perturbed parmeter lk, but our
Algorithm A is efficient still in these cases.

7. Concluding Remarks

In this paper, we have first transformed the discussed problem (LCP)(1.1)
into a family of general nonlinear optimization problems (2.14) containing
parameters, then have established an SSLE algorithm for it. We have tested
the proposed algorithm on some examples, and the results have shown that
the algorithm is numerically doable. Moreover, the three systems of equa-
tions solved at each iteration have the same coefficients and the computa-
tional amount of the proposed algorithm is less than that of existing SQP
type algorithm. So we feel that the proposed algorithm is an effective
method for (LCP)(1.1) and will be further studied to turn it into a practical
tool for solving large-scale engineering and economic applications of LCP.
Meanwhile, we point out that the proposed algorithm is rather sensitive

to the way the perturbed parameter lk is updated. As expected, the matrix
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Bk has a dramatic effect on the performance of the algorithm; In fact, in
some cases a careless choice of Bk has caused the algorithm to fail.
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